ABSTRACT With the application of cyber-physical systems, many cargo fleets take the initiative to form a platoon during transportation. Compared with the conventional signal timing algorithms, the platoonbased algorithm can greatly reduce the traveling time. However, the mathematical proof of the platoon-based algorithm performance has not been given for vehicular cyber-physical systems. In this paper, we proposed a timed Petri nets model to delineate the behavior of platoons at an isolated intersection. According to the results of a model structure analysis, we proved that to minimize the total queue length at any time, the platoon must be kept as large as possible. Based on the results, an efficient platoon-based traffic control algorithm is presented for the vehicular cyber-physical systems at intersections. The simulation results show that the proposed algorithm performs better than many conventional signal timing strategies.
I. INTRODUCTION
Cyber-physical systems (CPSs) have attracted massive attention in both research and industrial fields during recent decades. CPSs are systems that typically involve mechanisms controlled or monitored by computer-based devices. They constitute a promising new class of systems that is tightly integrated with cyber capabilities in the physical world, either on humans, infrastructure or platforms, to transform interactions with the physical world [1] . There are many theoretical and applied studies related to CPSs in the field of control and networks during the past few years [2] - [9] . Among applications of cyber-physical systems, research studies in automobiles, especially intelligent automobiles with driverassistance technologies or even autonomous driving vehicles, have made significant progress in the last decade. Much interest and concern have been raised in the applications of vehicular ad hoc network [10] , cooperative driving [11] , and platoon-based vehicular cyber-physical system control [12] . In a transportation system, it was found that vehicles moving on the road or highway with some common interests tend to cooperatively form a platoon-based driving pattern and that the platoon form has a better performance in traffic control system. With the application of VCPS (vehicular cyber-physical system), many cargo transportation fleets take the initiative to form a platoon to decrease the travel time. However, the mathematical proof of the platoon-based algorithm performance has not been given for the VCPS.
A vehicle platoon is a group of vehicles that travels together in close proximity to one another at a steady speed [13] . Thus, a vehicle platoon can reduce the amount of space used by the vehicles and increase the capacity of the road; it can also reduce the travel time and pollution and even reduce the stress of the passengers. Vehicle platoons have been studied since the 1950s. Various vehicle platoon behavior models have been studied [14] , [15] . The most famous project, called Partners for Advanced Transit and Highways (PATH), has demonstrated that the operation of Automated Highway Systems vehicles in automated platoons could increase the capacity per lane of passenger cars by factors of 2-3 above the conventional lane capacity [16] . Reference [17] proposed a platoon identification system to optimize traffic flow at intersections. Reference [18] applied platoons for designing the traffic signal timing to minimize traffic delay at major-minor type of intersections. Reference [19] proposed a platoon-based particle filter for urban traffic network control. Reference [20] presented a rule based algorithm for realizing platooning at traffic lights to increase the throughput at intersections. All these studies have demonstrated the performance of the platoonbased algorithm in the experimental point of view. However, the reason why the platoon-based algorithms possess good performance has not been given.
The goal of this paper is to prove mathematically the effectiveness of the platoon for VCPS and to propose a new traffic control according to the results. In our previous work, we proved the effectiveness of the platoon-based control in simple situations [26] . In this paper, we have expanded our former work by considering more general situations. Based on the results, a general platoon-based traffic control algorithm is presented for the vehicular cyber-physical systems at intersections. The structure of the paper is organized as follows. In section III, a timed Petri Nets model is applied to depict vehicle behavior at an intersection with simple layout. Next, according to the structure analysis of the model, we will prove that to minimize the total queue length, the platoon should be kept as large as possible. In other words, the number of switches of the right-of-way (r.o.w.) between conflicting movements must be minimized. Next, we extend the result to an intersection with a more complicated layout. Finally, we compare the proposed algorithm with the conventional algorithms through simulations.
II. PROBLEM DESCRIPTION
Let us study first the behaviors of vehicles at a 2-way intersection (Fig. 1) . Two conflicting movements are observed: one is from road R 1 , and the other is from road R 2 . The intersection is separated into three parts: the storage zone, the conflict zone and the exit zone. The right-of-ways are distributed to vehicles of non-conflicting (compatible) movements, and safe headways must be respected:
• d: the minimum safe headway between two successive vehicles on the same lane ( Fig. 2(a) ); • S: the minimum safe headway between two successive vehicles from conflicting movements ( Fig. 2(b) ). S includes the start-up lost time [21] and the time to clear the conflict zone.
III. SYSTEM BEHAVIOR MODEL
Petri Nets (PN) is a mathematical modeling tool for the description of the discrete event systems. The application of PN to model traffic networks can be traced back to 1986. Jensen [22] used a colored PN to model the traffic signal at isolated intersections. Febbraro and Sacco [23] applied a hybrid PN to model an urban network of signalized intersections. In [24] , PN models were proposed to model the traffic state. However, these models do not consider the behavior of each vehicle individually. Because we are concerned about events related to observations of the vehicles' behavior at an intersection (i.e., vehicles enter and leave different zones), a new model is proposed here to model the traffic control system.
A. PRELIMINARIES
A PN is a directed, weighted and bipartite graph consisting of two types of nodes, called places and transitions [25] (see Fig. 3 ). Places are denoted by circles, and transitions are denoted by bars or boxes. Arcs are either from a place to a transition or from a transition to a place. In the modeling process, places represent conditions or states of the system, and transitions represent events or actions that cause the change of state. The tokens in a place signify that resources are accessible or the condition is satisfied. Normally, tokens are denoted by black dots. The state or marking of a place M (p) is represented by the number of tokens at that place. Each transition connects some input and output places, which denote the pre-conditions and post-conditions, respectively, of this transition. A formal definition of a Petri nets is a 5-tuple, PN = (P, T , F, W , M 0 ), where
. . , p m } is a finite set of places;
• T = {t 1 , t 2 , . . . , t n } is a finite set of transitions;
is a set of arcs; each arc simply connects a place with a transition or a transition with a place;
• W : F → {1, 2, 3, . . . } is a weight function associate with an arc;
• M 0 : P → {1, 2, 3, . . . } is the initial marking.
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Furthermore, P ∩ T = ∅ and P ∪ T = ∅.
A state or marking in a PN is changed according to the transition firing rule [25] tokens from each input place p of t and adds w(t, p ) tokens to each output place p of t, where w(t, p ) is the weight of the arc from t to p . The behavior of a system can be described by the transition firing rule. The state or making of a place p changes:
where t w(t, p) is the sum of the weights of arcs directed from a transition to place p, and t w(p, t ) is the sum of the weights of arcs directed from place p to a transition. Fig. 3 presents a timed PN model that describes the vehicles' behaviors at a 2-way intersection. A timed PN model is a special PN model that has time delays related to transitions or places. The PN model with time delays associated with transitions is T-time PN, and the one with time delays associated with places is P-time PN [25] . The model we use here is a P-time PN where a timed place holds tokens for a time delay before the firing. The proposed model is composed of three sub-models: the sub-model of the traffic controller and the sub-models R 1 and R 2 [26] . Each sub-model depicts the behaviors of vehicles at intersections. Table 1 presents details of the events related to transitions. Let us start with the sub-models R 1 and R 2 . The structures of R 1 and R 2 are symmetric and they image vehicles' behaviors in roads R 1 and R 2 . τ i indicates the minimum time required to traverse the road R i . N i denotes the maximum number of vehicles that road R i can accommodate. Transition e i represents the event that a vehicle has arrived before the conflict zone but is waiting for the r.o.w.; transition v i represents the event that a vehicle accesses the conflict zone with the r.o.w. e i (t) and v i (t) denotes the number of times that transitions e i and v i , respectively, are fired until time t (t ≥ 0). It is easy to infer that the queue length at time t is equal to e i (t) − v i (t). Time d is associated with place P i to respect the safe headway d between two successive vehicles on the same lane.
B. SYSTEM BEHAVIOR AT 2-WAY INTERSECTION
Next, let us examine the sub-model of the traffic controller. The sub-model describes the behavior of controlling traffic. By switching the r.o.w. between vehicles, the safety of vehicles is guaranteed to avoid conflicting movements. Place P α i represents the state of the r.o.w. When M (P α i ) = 1, the r.o.w. can be assigned to vehicles from R i . Transition v i−j represents the event of switching the r.o.w. A safe headway S is associated with place P i−j to ensure safety between vehicles of conflicting movements.
C. ANALYSIS OF PN MODEL
In this part, we will analyze the behaviors of the controller.
Lemma 1: The conflicting part of the model (places P α i ) can be expressed as follows: (2) subject to the constraints:
Proof: Let us consider the place P α 1 first. According to the firing rule, the number of token in place P α 1 at time t (M t (P α 1 )) is equal to the initial tokens at time 0 (M 0 (P α 1 )) plus the number of tokens added minus the number of tokens removed.
The number of tokens added is related to the number of times that transitions x 1 and x 2−1 are fired. The number of tokens removed is related to the times that transitions v 1 and v 1−2 are fired. Thus,
The same deduction applies for place P α 2 . The lemma is proved.
This lemma gives us the constraint of the system, that is, no firing of transitions v i and v i−j occur if there is no free resource. This constraint will prevent two vehicles from performing conflicting movements when crossing the conflict zone simultaneously.
IV. EFFECTIVENESS PROOF OF PLATOON-BASED CONTROL
The goal of this paper is to prove mathematically the effectiveness of the platoon for VCPS. Because Papageorgiou et al. [27] have proved that queue length at intersections are related to intersection throughput and vehicle delays, we choose the cumulative queue length as the criterion for measuring the traffic condition.
Let q i (t) represents the queue length in roads R i at time t, q i (t) = e i (t) − v i (t). Suppose that Q(t) signifies the sum of queue lengths at time t, Q(t) = q 1 (t) + q 2 (t). The following proposition will prove that, to minimize queue length Q(t) at each time, the platoon should be kept as large as possible.
Proposition 1: To minimize Q(t) at any time t, it is better to minimize the times of switching of the r.o.w. between conflicting movements.
Proof: Suppose that the proposed PN model runs at the maximum speed. In other words, if no vehicle is prepared to cross intersection, then the r.o.w. is switched. Thus, we turn the inequalities in (2) into equalities:
Because
can be rewritten as:
For the sake of simplicity, let d = 1 and S = s × d = s ; (4) becomes:
v 1 (t) can be written as:
Because, for any transition in our model, if t < 0, then the number of times that the transition is fired until time t is equal to 0; hence, v 1 (−1) = 0.
substituting it into v 1 (t) yields:
Replacing (5) in (7), we obtain:
Because v 2−1 (t) = 0 for t < 0, equation (8) is simplified as:
We apply the same analysis process to the vehicles in the road R 2 :
Thus, the objective function Q(t) becomes:
From equation (11), because v 1−2 (t) and v 2−1 (t) are monotonic increasing functions, each firing of transitions v 1−2 and v 2−1 increases the objective function Q(t). Hence, if the headway between two successive vehicles is less than or equal to d, then the switching of the r.o.w. can be avoided. In other words, they constitute a platoon and cross the intersection uninterrupted.
V. EXTENSIONS
In this section, the analysis result of proposition 1 will be extended to intersections with a more complicated layout. A typical 4-way intersection will be considered, as presented in Fig. 4 . This type of intersection also consists of the same three parts. Two conflicting movements are observed: one is from roads R 1 and R 2 , and the other is from roads R 3 and R 4 . Vehicles performing non-conflicting movement can cross the conflict zone simultaneously. As before, two safe headways, d and S, must be respected while vehicles are crossing the conflicting zone. This new model also includes three parts: the sub-model of the traffic controller and the sub-models for roads R 1 , R 2 and R 3 , R 4 . Two tokens in place P α 1 or P α 2 allows vehicles performing non-conflicting movements to cross the intersection simultaneously.
A. SYSTEM BEHAVIOR AT A 4-WAY INTERSECTION
The behavior in sub-model of the traffic controller (places P α i ) is described as follows: (12) subject to the constraints: 
B. SIMPLIFICATION OF THE PN MODEL USING MAPPING TECHNOLOGY
It is assumed that, in section III, the PN model runs at the maximum speed to maintain the quality of (3). In (12), if we want to hold the equality, we must suppose that each road has a vehicle prepared to traverse the conflict zone ( Fig. 6(a) ). However, this assumption is completely inconsistent with reality (see Figs. 6(b), 6(c), 6(d)). Consider the example presented in Fig. 6 (c) and 6(d); we can see that a vehicle in one movement is ready to traverse the conflict zone, whereas in another movement, there is no vehicle prepared. Hence, we cannot assume that the equality of (12) to be held.
To address this issue, we apply the concept of a ''virtual vehicle'' presented in [28] . A ''virtual vehicle'' is used for grouping vehicles into a platoon on a highway. Virtual vehicles are generated by mapping vehicles on one lane onto another lane to enable smooth merging. We borrow this concept and apply it to traffic control at an intersection. For example, in Fig. 7(b) , because vehicles 1 and 2 are performing nonconflicting movements, a virtual vehicle 2 is generated by mapping it in road R 1 at distance l 2 to the conflict zone. In the same manner, virtual vehicle 4 is generated by mapping it in road R 3 . Next, we can apply mapping technology to the above scenarios, except for scenario 2 (see Figs. 7(a), 7(b), 7(c)).
After mapping the vehicles, all scenarios are simplified and are similar to that in a 2-way intersection. However, there is some small difference, i.e., two vehicles from the same lane can cross the conflict zone at the same time. Hence, we introduce two new models to describe the system behavior (on the left of Fig. 8 ). These models are similar to that introduced in Fig. 3 , except for some arcs with a multiplier that permits two vehicles from the same lane to cross the conflict zone at the same time.
Next, let us simply this model further. Suppose the time distance between two vehicles p = d/2. The model on the left of Fig. 8 is simplified as shown on the right of the figure. The simplified model (on the right of Fig. 8(a) ) is exactly the same as the model in Fig. 3 . Hence, we can obtain the same results deduced before for scenarios 1 and 3.
However, the simplified model in Fig. 8(b) is not exactly the same as the model in Fig. 3 . The time delays associated with P 12 and P 3 are different (p = d/2). Hence, we must prove whether the proposition 1 is still held in this scenario.
C. PROOF FOR PROPOSITION 1 IN SCENARIO 4
The conflicting part of the model (places P α i in Fig. 8 ) can be described as follows:
Suppose Q(t) denotes the sum of queue lengths at time t. Let q 12 (t) denote the sum of the queue length in roads R 1 and R 2 at time t, q 12 (t) = e 12 (t) − v 12 (t). q 3 (t) denotes the queue length in road R 3 at time t, q 3 (t) = e 3 (t) − v 3 (t). The objective is to minimize Q(t) = q 12 (t)+q 3 (t) for any t. Let us consider that the PN model presented in Fig. 8(b) functions at maximum speed. In other words, if no vehicle is prepared to cross intersection, a switching of the r.o.w. is enforced. Thus, the inequalities in (13) become the following equalities:
Because x 12 (t) = v 12 (t − p ), x 3−12 (t) = v 3−12 (t − S), x 3 (t) = v 3 (t − d) and x 12−3 (t) = v 12−3 (t − S), (14) can be rewritten as:
For the sake of simplicity, let p be the unit of time, and S = s × d; thus, (15) becomes:
For the first equation in (16):
= . . .
For the second equation in (16):
where m ≤ t/2. According to (17) and (18), we have:
The first part of (19) is given by: 
The second part of (19) is given by:
Thus,
21146 VOLUME 6, 2018 According to the above result, functions v 12−3 (t) and v 3−12 (t) are monotonically increasing, the value of the function Q(t) will increase after the firings of v 12−3 and v 3−12 . Therefore, the controller must attempt to avoid the frequent exchange of the r.o.w. Namely, a platoon should be kept as large as possible when crossing the conflict zone. In addition, the term − Based on the analysis above, we proved the effectiveness of the platoon-based algorithm. An efficient traffic control algorithm (Algorithm I) for isolated intersection is proposed on the basis of the proof. The first step is to generate virtual vehicles by the mapping technology. Next, vehicles form a platoon according to their headways. 
VI. SIMULATIONS
In this section, we will evaluate the performance of the proposed algorithm by comparing it with several conventional and novel algorithms. The simulation of the behaviors of vehicles is based on the car-following model [33] , which simulates a single vehicle-driver unit by combining its own and the parameters of the leading vehicle. The arrivals of the vehicles are subject to the Poisson distribution, as noted in [30] - [32] . The simulation environment is a four-way intersection, as shown in Fig. 4 . Table 2 shows the configurations of the vehicles and the layout of the intersection. For comparison, we also evaluate four other traffic control systems:
1) Adaptive signal control that adjusts the timing of lights according to the changing traffic conditions. We apply the adaptive signal control method presented in [34] for comparison; 2) The method proposed in [35] estimates the traffic volume in real time via vehicular wireless communication.
Next, the cycle length and the green time are updated according to Webster's formula [31] .
3) The method proposed in [36] obtains the positions of the vehicles via wireless communication technologies. The principle of the controlling process is based on Little's formula [37] , where the average delay is proportional to the average queue length. The controller assigns the r.o.w. to the approach with the maximum queue length. 4) The controller in [38] distributes the r.o.w. to vehicles according to the First Come First Served principle. In the following figures, we will use ''Adaptive'', ''Webster'', ''LQF-MWM'', and ''FCFS'' to denote the above four systems. ''platoon'' denotes the proposed traffic control algorithm in Algorithm 1.
We will evaluate the performance of the proposed algorithms according to the following three criteria: 1) Evacuation time: the time required to empty all the vehicles presented in the network; 2) Average vehicle delay: the difference between the travel time in the absence and the presence of the traffic control; 3) Average queue length is defined as the cumulative queue length during the simulation divided by the simulation time. We define the simulation step as 1 second. The whole simulation lasts one hour. In figures 9-11, each point represents an average of 10 simulations. ''pcpspl'' denotes the passenger cars per second per lane.
Let us compare first the performance between the ''Platoon'' and ''Adaptive'' methods. The ''Adaptive'' method is a conventional signal technique. It is proved to be a reliable method for reducing traffic congestion. We observe in the three figures that the ''platoon'' method easily outperforms the ''Adaptive'' method. For the other methods, the ''Webster'' method exhibited the poorest performance compared to other methods because the ''Webster'' method cannot accommodate the changing traffic condition as soon as possible. The ''LQF-MWM'' method performs well at a low flow rate; however, as the flow rate increases to 0.3, its performance declines rapidly because, as the flow rate increases, the frequent exchange of the r.o.w. will not help to ease the traffic. The ''FCFS'' method has the same performance as the ''LQF-MWM'' method. When the flow rate is low, this method works well; as the flow rate increases, it performs poorly because of the frequent exchange of the r.o.w. The above comparisons show that the ''platoon'' method definitely improves the traffic flow.
VII. CONCLUSION
This paper presents a mathematical proof of the effectiveness of the platoon-based vehicular cyber-physical system. A timed Petri Nets is used to describe the behavior of the system at intersections. Based on the structural analysis of the model, we prove that the platoon should be kept as large as possible to minimize the total queue length. According to the result, a platoon-based traffic control algorithm is proposed for the vehicular cyber-physical system. The simulation results show that the proposed algorithm outperforms the conventional and some novel strategies. In future work, we will extend the results to connected intersections, and even network traffic control. Since 2014, he joined the Harbin Institute of Technology as an Assistant Professor, and was then promoted to Associate Professor in 2017. His current research interests include nonlinear control algorithms, sliding mode control, fuel cell systems, hybrid electric or fuel cell vehicles, control of power electronics and converters, wind-driven generator systems, energy management for micro-grids, nonlinear control and observation methods, and their applications in industrial electronics systems, and renewable energy systems. VOLUME 6, 2018 
